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Abstract

A computational model for analysis of local buckling and postbuckling of stiffened panels
is derived. The model provides a tool that is more accurate than existing design codes, and
more efficient than nonlinear finite element methods. Any combination of biaxial in-plane
compression or tension, shear, and lateral pressure may be analysed. Deflections are assumed
in the form of trigonometric function series. The deformations are coupled such that continuity
of rotation between the plate and the stiffener web is ensured, as well as longitudinal continuity
of displacement. The response history is traced using energy principles and perturbation theory.
The procedure is semi-analytical in the sense that all energy formulations are derived analyti-
cally, while a numerical method is used for solving the resulting set of equations, and for
incrementation of the solution. The stress in certain critical points are checked using the von
Mises yield criterion, and the onset of yielding is taken as an estimate of ultimate strength
for design purposed] 2002 Published by Elsevier Science Ltd.
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1. Introduction

Stiffened plates are extensively used in steel and aluminum structures such as
ships and offshore installations. The buckling characteristics of such panels are of
crucial importance for the overall structural strength. The post-buckling behavior is
especialy important because of the reserve capacity which exists after the initial
buckling. It is usual to accept that local buckling of plate members may take place,
but overall stiffener or grillage buckling should not occur. The column approach is
often used for buckling assessment in design codes, such as the DNV Classification
Note for Buckling Strength Analysis [1]. These formulations have the advantage of
being relatively simple, and provide quick strength estimates. However, looking at
the deflection behavior of actual stiffened panels, it is clear that a column model
does not provide the best representation of the real structural response. Usually, local
deformations dominate, while lateral deflection in the global mode is less significant.

Although hand calculations using explicit design formulas have been important in
the ship building industry, computational tools are becoming more and more com-
mon. The need for explicit formulas is therefore decreasing. Nonlinear finite element
analysis (FEM) of stiffened panels is not practical for design purposes due to the
cost of modeling and computing. The approach presented in the following is a
compromise between simple design formulations and more accurate, but also more
time consuming, FEM analysis. It provides atool for faster analysis, and gives more
information regarding deformation modes and |oad—esponse characteristics.

Previous work in the field of analytic or semi-analytic buckling formulations have
been restricted mostly to linearized buckling predictions, neglecting non-linear geo-
metrical effects in the large deflection region, such as [2,3]. Some work has been
performed on the large deflection response of unstiffened plates [4,5]. In the present
work, the coupled behavior of a plate with an attached stiffener is treated using large
deflection theory for both the plate and the stiffener.

2. Problem formulation

The stiffened panel is assumed to consist of arectangular plate area with longitudi-
nal stiffeners in one direction and heavy transverse girders in the other direction, as
shown in Fig. 1. This is a typical configuration for the deck, side or bottom of a
ship hull girder. The stiffener may be a flat bar, angle bar, tee bar or bulb bar. Only
local buckling is considered, which means that no overall deflection of the panel is
assumed to occur. A stiffener with attached plating may therefore be considered as
representative for a whole stiffened panel.

The loads acting on a stiffened panel in a ship are in-plane compression or tension,
resulting from the overall hull girder bending moment or torsion, shear force resulting
from the hull girder shear force, and lateral pressure resulting from internal cargo
or the external sea. The shear force and lateral pressure are assumed to have a con-
stant value over the length and breadth of the plate, while the in-plane compression
or tension is assumed to be linearly varying.
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SRS

911
913

018

110
m
112
113
514
6

115

116
117

118
119

120
122

123
124
125
126
127
128
129
130

131

132
133

ARTICLE IN PRESS

E. Byklum, J. Amdahl / Thin-Walled Sructures ee (2002) eee_oee 3
yd
Z y

Fig. 1. Stiffened panel.

The response of the stiffened plate during buckling is studied using the principle
of minimum potential energy. The aim is to trace the complete load-deflection equi-
librium curve in the prebuckling and postbuckling region, and provide estimates of
the ultimate load and deformation. Geometrical nonlinearities are accounted for using
large deflection plate theory. The formulations developed may be called semi-anal yti-
cal. The energy equations are integrated analytically, and stiffness coefficients are
obtained explicitly. However, a numerical method is used for solving the equation
system.

2.1. The principle of minimum potential energy

The principle of minimum potential energy states that ‘of al the possible deflec-
tions satisfying kinematic compatibility, those which satisfy static equilibrium will
give a stationary value of the potential energy of the body’[6]:

SIl = 6U + T = 0 )

where II is total potential energy, U is internal energy, T is potential of external
loads, and ¢ is the variational operator. The principle is valid for conservative sys-
tems, which means that the material must be elastic.

In the Rayleigh—Ritz method, the continuous displacement of abody is represented
by a set of assumed displacement functions. The problem is reduced to finding the
unknown coefficients, or amplitudes, of these functions. It is required that the
assumed functions satisfy the essential but not necessarily the natural boundary con-
ditions. The method is often used with the principle of minimum potential energy.
For instance, assuming that the displacement can be written as

WY) = 2 2 AmGn()9n(Y) @)

m=1n=1
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the principle of minimum potential energy can be reformulated using the Rayleigh—
Ritz method to:
o
0Am

This formulation reduces the problem to finding the unknown amplitudes A

0 )

2.2. Large deflection plate theory

Using the Love—Kirchoff assumption that lines normal to the undeformed middle
surface remain normal to this surface, the strains in a materia point is taken as the
sum of membrane strain and bending strain:

g’i[jOt = 8ij — 2W; I!J = X!y (4)
where z is the vertical distance from the plate neutral axis to the materia point in
consideration. According to Marguerre [7], who extended the von Karman nonlinear
plate theory to plates with an initial curvature, the membrane strains can be writ-

ten as:

1
& = U, + éwi + W Wy (5)
1
&= Vv, + évvf, + Wo Wy, (6)
Yy = Uy + Vi + WW, + Wo W, + WWo, (7

where w and w, are the additional and initial out-of-plane deflection of the plate,
respectively.

Static equilibrium is achieved through the plate differential equation. Introducing
the Airy stress function F, defined so that

o, = Fy, )
o, = Fx 9
Oy = —Fy (10

the differential equation can be written as [8]
t[ Fyy(W + Wo)x + FodW + Wo)yy — 2F(W + Wo)y] = (Wieex (@D
+ 2Weqy + Wy, )D — p

where p is the lateral pressure, t is plate thickness, and D is the bending stiffness
of the plate,

Et

D =120 -7

(12)
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The condition for strain compatibility can be derived from the membrane strain
equations, Egs. (5-7). By differentiation and combination of the equations, the plate
compatibility equation becomes:

VAFE = E(W3, — Wy + 2WpWay — Wo Wy — Wo Wi (13)

The two differential Egs. (11) and (13) are the von Karman plate equations modi-
fied for plates with imperfections. They are of the fourth order and coupled, and
therefore not possible to solve in general. Here, the continuous deflection w is
replaced by a set of assumed displacement functions. Then, a stress function F that
satisfies the compatibility equation must be found. Using the principle of minimum
potential energy, the displacement amplitudes is calculated without having to solve
the plate differential equation.

2.3. Material law

Since the onset of yielding is taken as the criterion for the ultimate load of the
structure, material nonlinearities are not considered. Formulations which include
plasticity effects have been developed for unstiffened plates, and reasonable results
have been obtained even in the post-critical region. However, numerical integration
has to be used when plasticity is included. This reduces the computational efficiency
drastically. Isotropic, elastic materia is therefore assumed throughout the current
work. The material then follows Hooke's law:

Oij = Cijklgkl i1j1k1| = XYz (14)

where C;; is the general linear elastic stiffness tensor. For thin plates it is usual to
assume plane stress condition, so that 0, = 1,, = T, = 0. We can then simply write:

E
Oy = m (Sx + VSy) (15)
oy = m (Ey + ve,) (16)
Oy = Gy (17)

The von Mises yield criterion is used to check for yielding:

O = /03 + 02 — 0,0, + 305, < O} (18)
where o, is the equivalent stress, and o is the initial yield stress of the material.
2.4. Saging and incrementation

A stiffened plate may be subjected to a combination of several loads, which may
be applied sequentially, proportionally, or by some other scheme. In order to reduce

the number of load parameters to one, a piecewise linear load path is prescribed.
Each linear part of the load history is called a stage, and the process is therefore
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referred to as staging. Within each stage s, the load parameter is varied from O to
1. The externa forces P; can then be represented by the single load parameter A as.

R(A) = P+ A RO - PV ], (19

Now only the load parameter A enters the equation system as an unknown, and all
loads may be calculated from the load parameter after the solution has been obtained.
Any desired load history may be approximated by defining a sufficiently large num-
ber of load stages.

As will be shown, the potential energy of a plate subjected to large deflections is
of the fourth order in the deflection. The equations resulting from the principle of
minimum potential energy and the Rayleigh—Ritz method are therefore of the third
order in the displacement amplitudes. An incremental solution procedure is applied
in order to obtain alinear equation system, and to avoid solving a set of third order
equations. Linear equation systems are easily solved, and have a unique solution in
contrast to third order systems. Using perturbation theory, as done in [9], a general
rate parameter 7 is defined so that:

. A,

Am =5 (20)
. 0A
A on’

The rate parameter may be considered as a pseudo-time. With this method, any
type of behavior can be handled, including passing limit points and turning points.
It means that even unstable phenomenon such as snap-through and snap-back praob-
lems can be analysed. The updated displacements and load parameter are calcu-
lated as:

(21)

P = At A + P+ . (22)

A= AT+ AT+ énZA'n;l + ... (23)

where i is the current increment. In principle, the perturbation theory can be applied
up to any order. For the unstiffened plate, the energy formulations are derived up
to the second order. The second order terms can be considered as an aternative to
using equilibrium iterations between the increments. They increase the accuracy and
can be used to control the size of the increments in the analysis, as the second order
rate represents the curvature of the equilibrium curve. It is found, however, that the
first order approximation gives sufficient accuracy for small increments. This will
be demonstrated by numerical examples, which are al based on first order
incrementation.

Defining the perturbation parameter so that the increments are taken as specified
steps along the equilibrium curve in the load-displacement space, the following
relation must be satisfied:
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AAZ + A, = AR (24)

Summation over al mn are implied, and q,,, is the displacement amplitudes made
non-dimensional with respect to some geometry parameter, such as the plate thick-
ness:

o = 2 (29)

The scaling is necessary to make the equations dimensionally consistent. By taking
the limit as the increments go towards zero, the following relation is found:

A2 + B = 1. (26)

2.5. Solving the equations

Applying the principle of minimum potential energy on rate form, the problem is
reduced to a system of (M:N) linear equations with (M-N + 1) unknowns. The
unknowns are the M:N displacement rate amplitudes A,,, and the load rate parameter
A. The last equation necessary to solve the equation system is Eq. (26). The equation
system can be written on matrix form as.

KA+ GA=0 (27)

where the K-matrix may be interpreted as an incremental stiffness matrix, while the
G-vector can be interpreted as an incremental load vector. The equation system is
solved as follows:

A= — AKG = AD (28)

where D is defined as D = K~!G and has the elements d,,,. Substituting D into
Eq. (26) gives:.

A (R + B+ .. + Ry +1])=1 (29)
t
TR B o A B

(30)

The displacement rate amplitudes are then found as A, = Ad.,.. The reason for
the + in Eq. (30) is that by specifying an arc length increment along the equilibrium
curve there will always be two possible solutions, one in the direction of positive
traversal and one in the direction of negative traversal. The solution corresponding
to positive traversal is found using the angle criterion, which is based on the assump-
tion that the equilibrium curve is smooth. Hence, the angle between the tangents to
the curve in two consecutive increments should be a small number. Numerically,
this can be implemented by calculating the angles o, and o corresponding to the
+ and — sign in Eq. (30) above:

dmnAmn,i—l

o, = arccos A+(Ai_1 + T) (3D
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a. = arccos[/'\(/'\i_l + drm‘n’i\mzml):| (32)

The correct sign of the load rate parameter is A . if o, is the smaller angle, and
A_if o_ is the smaler angle.

3. Simply supported plate

As afirst step towards developing a combined plate/stiffener model, the simply
supported plate is studied (Fig. 2). The approach followed is the same as that of
Levy [10], but in addition geometrical imperfections are accounted for using Marg-
uerre’s plate theory. Shear force is aso included as an additional load case. This
problem was aso solved by Ueda et a. [4] using an incremental Galerkin method.

3.1. Assumptions

The edges of the plate are assumed to be free to move in-plane, but forced to
remain straight (Fig. 3). Thisrestriction represents the effect of the neighboring plates
that will support the plate in a larger structure. The condition for simply supported
edges is:

w = 0 at all edges
Wy, + VW, =0 aty = 0b (33)
Wy + VW, = 0 at x = 0,a

Ty
Ssyms

X

\4

4

CIIIIIIIIIIIIIIIIP
m s

Fig. 2. Ungtiffened simply supported plate.
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Fig. 3. Boundary conditions for unstiffened plate.

These conditions are satisfied by taking the additional and initial deflections as
double Fourier series:

ZZAmsn( s (”’tfy) (34

=1ln=1

E E B: sm( ) (”’t?’) (35)

=1ln=1
where s is used to indicate the sine-mode, in contrast to the cosine-mode which will
be introduced later. Initial deflection is included in order to avoid bifurcation prob-
lems, and because all plates in the real world have a certain degree of out-of-plane
imperfection resulting from the fabrication process. A conservative approach is to
set the imperfection shape equal to the eigenmode of the plate. Alternatively, the
measured imperfection w; in a plate may be represented by wy, by calculating the
Fourier coefficients:

S _i 1 m( { nly
B = abjjw(x,y)sn( a )sm( b )dydx. (36)

ab

Perfect plates can be analysed as a limiting case by specifying a very small
initial deflection.
In order to satisfy strain compatibility, a stress function F must be found using
the assumed displacements, so that the plate compatibility equation is satisfied. It is
assumed to have the following form:

2M 2N
. Py PxX®* Puxy ) nry
Fs = ot o 1 T ZZf cog| X Jcos ) (37)

The stress function coefficients f5,, satisfying the compatibility equation are found
by substitution of the above equations into the compatibility equation. The result is:
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S E S S S S S S
frm = b—azz bfqu(Arﬁq - Arsqu + quBrs) (38)

4(mz + ) ‘o
a b

where 3, is defined as zero, and the coefficients by, are integer numbers given as

[x(r—=p)=ms+qg=n
bSey =T + r2g? if 39
spq SPq q {r 4 p=m#(s—q) = n (39)

b = —r22if{r+p=m’s+q=n (40)
P T IR N L —p) = mx (s=q) = n.

From the stress function, the stress components o, = F;,, oy, = F%,, and o,, =
F5y are found by differentiation. It can be shown that the above stress function satis-
fies not only the compatibility equation, but also the boundary conditions of the
plate. The integrated stress resultant in any cross-section equals the external load,
while the integrated end shortening is constant over the edges. Knowing the stresses,
the internal potential energy can be calculated as outlined in the following.

3.2. Potential of internal energy

The internal energy in the plate can be divided into two contributions, one due
to membrane stretching of the middle plane of the plate, and one due to bending
about the middle plane. The energy expressions resulting for the membrane part will
be presented as an example of the procedure followed, while the other contributions
are left out due to space limitations. Further details may be found in [11].

Using the stress function, the membrane energy can be expressed as:

Un = i J[(FS + F)S/y 2_2(1 + v)(Fix Fs (I: )2)]dde (41)

Introducing the assumed form of the stress function, integration over the plate area
can be carried out analytically. The result is:

PZa P _ P F>y

2Mg2Ng
+ =2y

Um = 25[ btz * at? * ”“EE(fmnV( ) (42)

abZMs 2m4 ab2Nss2n4
+ 27:4% (fS0) (a) + 2;:‘*% (s <a> ]

It is seen that the membrane energy is proportiona to the displacement amplitudes
As,, to the fourth power, since f3,, is quadratic in A, By differentiation, the minimum
membrane energy is.
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Uy, _ %gaﬁmﬂs M) Eafs m)4 "

”4 EaA? 0”( )

This expression is of third order in A3,,, since the coefficients f3,, are quadratic and

S

" are linear in A3, The rate of minimum membrane energy is:

OA?

2M2Ng

U, Offmee , (Ofan)ee |(MP 1PV
(aA?g) e ZZ[aA? (w)f ]( +b2>

o3, dfso).. |(m i
E[aAfs (w)f ](a) E[aA? o “4)

+<a*8">s}<”>“
oA;,) " [\b/ -

The potential energy due to bending is:
ab

Uy = % f f [(Wee + W5,)2—2(1—v) (W, — (Wsy)?)] dlydix. (45)

The integration over the plate area can be carried out analytically by introducing the
assumed form of the displacements. The result is not given here, but the bending
energy is proportional to the sguare of the displacement amplitudes, and gives a
constant contribution to the incremental plate stiffness. The incremental bending stiff-
ness therefore only needs to be calculated once, in contrast to the incremental mem-
brane stiffness which must be calculated for each new increment.

3.3. Potential of external loads

The potential of externa in-plane compressive forces is calculated as external
force multiplied with displacement:
T, = P.Au + PAv (46)

where Au and Av are the end shortenings of the plate in the x- and y-direction,
respectively. These are calculated using the Marguerre’s plate theory [Egs. (5)(6)],
which means that:

Au = J(ex—;v\éx—wgo,stx) dx (47)
0
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b
1
Av = f(sy—zwgy—wso,ywsy> dy. (48)
0

Carrying out the integration, it is found that the potential of external loads consists

of two parts. One part contributes to the incremental load vector G, and is pro-

portiona to the displacement. The other part contributes to the incremental stiffness

matrix K, and is proportional to the external load parameter A, defined in Eq. (19).
The potential of external energy due to the shear flow P,, = 7,4t is:

ab
T.=Py J (uy + v,)dydx. (49)
00
Rearranging the shear strain expression, Eq. (7), we get:
ab
T, =Py j J(yxy—way—wo,xwy—wxwo,y)dydx. (50)
00

where the effect of the y,,-term must be zero due to static equilibrium. The lateral
pressure p does not lead to any additional stress in the plate since the direction of
the pressure is out-of-plane. The contribution to the potential of external energy is:

ab
Tp = —ijwdydx. (5D
00

The lateral pressure gives a constant contribution to the incremental load vector, but
no contribution to the incrementa stiffness matrix.
If the in-plane loads are linearly varying, the external stress is written:

SH) = S+ (S-9 (52

X
SM =g + (-9 (53)
The external energy is then calculated using the modified stress function:

y3

P S (S-S Sy G L

: (549

2M 2N

+> Ef%cos(?) cos(ngy) :
0 O
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3.4. Total rate of minimum potential energy

The total rate of minimum potential energy is found by adding the contributions
from internal and externa energy:

)= () () ()
0Ag)  \0A, 0A 0A 0A 0A,)" (55)

Thisresultsin alinear equation system, on the form of Eq. (27). Solving this equation
system, a set of displacement rate amplitudes A, is found, which are used to calcu-
late the next increment in the analysis.

3.5. Verification

Some numerical examples of application of the proposed model are given. The
results are compared with analyzes performed with the nonlinear FEM program
ABAQUS[12]. For all calculations, an elastic modulus of E = 208,000 MPa is used.
The plates are modeled using 4 node double curved general-purpose shell elements,
HAR. The sources of inaccuracy in the proposed model are drift from the correct
equilibrium curve due to the incrementation, and difference between correct and
assumed displacement shape. The former is controlled by specifying sufficiently
small values of the perturbation parameter, while the latter is controlled by specifying
sufficiently large number of terms in the assumed displacement functions. A suitable
set of parameters can be found by convergence tests. The initial deflections are set
to a small value, since the intention is only to compare the computational model
with nonlinear FEM, and not to represent actual fabricated plates.

To the left in Fig. 4, the load-deflection response of a quadratic plate subjected
to biaxial loading is shown. Proportional loading is used, and the magnitude of the
load is the same in both directions. The number of terms in the deflection function
is 3x 3, and it is seen that the correspondence is good. The right plot shows the

3
- Model

25| — Abaqus |,
2 L
=x1.5
1 L
05f
0

25 0 5 10 15
wit € /e

x f

Fig. 4. Deflection at midpoint under biaxial loading for 1.0 x 1.0 x 0.026 plate(left) and snap-back under
axial loading for 1.68 x 0.98 x 0.011 plate(right).
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load-end shortening response of a rectangular plate subjected to axial loading, using
8 x 8 deflection terms in the calculation model. The snap-back in the postbuckling
region is provoked by specifying an initial deflection mode which is different from
the preferred one, leading to violent mode snapping. It should be noted that the snap-
back occurs very far out in the postbuckling region, and is therefore of more aca-
demic than practical interest. The intention is to demonstrate that such complex
responses is well treated with the perturbation method used, even if only first order
terms are included in the formulations. In Fig. 5, the load-deflection response for a
quadratic plate subjected to lateral pressure and shear loading is shown. The number
of terms used is 3 x 3 for both cases. The accuracy of the calculations is good, and
the efficiency is very high.

4. Clamped plate

The edges of a plate are considered as clamped if the surrounding structure is
strong enough to prevent rotation of the edges. Clamped-like conditions may also
occur due to the applied loads. Lateral pressure may cause a plate to deflect sym-
metrically about a stiffener, and thereby causing a clamped deflection mode. Here,
it is assumed that the longitudinal edges of the plate are clamped, while the transverse
edges are taken as simply supported, Fig. 6. The number of half waves will usualy
be greater than one in the longitudinal direction, due to the effect of axial com-
pression and the plate aspect ratio, and the effect of the lateral pressure on the deflec-
tion shape is therefore less significant.

4.1. Assumptions
The condition for clamped longitudinal edges is written:
w = 0 at all edges
w,=0 ay=0b (56)
W + vy =0 atx=0a

25 14
Model -+~ Model
P 1.2
ol Abaqus

1

—1.5¢F
§ \b;o.s
s 4l 0.6

0.4t/

05 0.2

6 0 0.5 1 1.5 2 2.5
wit wit

Fig.5. Deflection a midpoint under lateral pressure(left) and shear loading(right) for
1.0 x 1.0 x 0.009 plate.

TWST: THIN-WALLED STRUCTURES - ELSEVIER 18-07-02 09:36:22 Rev 16.03x TWST$$648P



SRS

953
958

958

471
472
473
474
475
476
477
478
5

79
480

481

482
483

484
485

486
487
488

489
490

491

492

493

494

ARTICLE IN PRESS

E. Byklum, J. Amdahl / Thin-Walled Sructures ee (2002) eee_oee 15
L0
N
AN AN

Fig. 6. Clamped plate.

One way to handle clamped edges is to use the same displacement functions as for
the simply supported plate, and to add a rotational spring along the clamped edges.
The essential boundary conditions are then satisfied, and the clamped condition can
be analyzed by applying a very stiff spring. Good results are obtained with this
method, but the number of terms required in the displacement function is large. The
displacement shape is estimated reasonably well with less terms, but the bending
moment distribution requires more terms. This is because the bending moment
resulting from a sine-series is zero along the edges, while the bending moment for
a clamped plate attains its maximum value at the edges.

Better results are achieved using cosine-terms. The following displacement shape
is used:

= i i A;m”si n(n?() (1— COS(Zn;ry) ) (57)

Tl )

The above expressions represent a far better approximation to the clamped condition
than the sine-terms, and good results may be obtained with only a few degrees of
freedom, e.g. 2 or 3. In the following, a stress function is derived for these displace-
ments, and potential energy-expressions are established.

4.2. Sress function

The approach used for deriving the stress function for the clamped plate is the
same as for the simply-supported plate. The result is:

2M 2N

«_ Py P Poxy . 2n7ry
Fe = bt 2at " + EEf cos cos b (59)
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The coefficients f5,, are
E

fon =

D e D AR T ARBR + ARBR) (60)
4(mza + 4nzb)

where 5, is defined as zero, and the coefficients by, are:

( :
2r2g? if £t(r—p =mg=n
— 2r2¢f? if r+p=mg=n
—rspg —r’g? if t(r—-p)=ms+q=n
b = ¢ spq q r—p) q . (61)

rspq + r2g? if r+p=m+(s—qg =n
—rspg+r¥g? if r+p=ms+qg=n
\rqu—rzqz if tr—p=mz(s—qg =n

4.3. Potential energy

The same expressions as before is used for calculation of membrane and bending
energy. By substitution of the new displacement function and stress function, analyti-
cal integration can be carried out. The potential of external in-plane compressive
forces, and the potential of lateral pressure, is also calculated as for the simply sup-
ported plate.

For the shear force, substituting the assumed displacements into the energy
expression used previously gives:

T‘r = nyJ (ny —We sxWey —WeoWey — Wc,chO,y) dde (62)

=0 (63)

The reason is that the cosine-terms are aways symmetric, and they are therefore
not able to describe shear deformation. For shear force analysis, it is necessary to
include sine-terms in the deflection shape. One approach is the one described pre-
viously, where a pure sine-series is used together with a very stiff spring. An even
better strategy is to use cosine-terms and sine-terms in combination. This is done
for the combined plate/stiffener-model presented in the next section, and it is there-
fore not further described here.

ab
]

4.4, Verification

In Fig. 7, the load-end shortening response for a plate with clamped longitudinal
edges subjected to axial loading is shown. Calculations using sine-terms as well as
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2 2
- Model - Model
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© o
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Fig. 7. Load-shortening for 1.0 x 1.0 x 0.013 clamped plate under axia loading calculated using
2 x 3 cosine-terms(left) and 2 x 11 sine-terms(right).

cosine-terms are shown. In the left plot, good accuracy is obtained with only
2 x 3 cosine-terms, while in the right plot 2 x 11 sine-terms have been used.

5. Local stiffened plate model

Now the local buckling of a plate with an attached stiffener is considered. By
local buckling, it is meant that the plate, the web and the flange may deform locally,
but the stiffener as a whole may not deflect laterally. In other words, the connection
between the plate and the stiffener is fixed in the vertical direction (Fig. 8). Latera
support is also provided by transverse girders. The stiffener is assumed to be of the
open profile type, which means it may be aflat bar, angle bar, tee-bar, or bulb profile.

5.1. Plate deflection
The stiffener acts as a rotational spring on the plate. As a result, the boundary

condition for a plate between two stiffeners is somewhere in between simply sup-
ported and clamped. For most stiffened plates the web is quite slender compared to

"
’
]
I
S i o ® —

/ Fixed [ .

Fig. 8. Local model with assumed deflection modes.
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the plate itself, so that the situation is quite close to that of simply support. The
clamped mode becomes more important for stronger webs and under influence of
lateral pressure. In order to include the possibility of al types of plate deflections
in the range from simply supported to fully clamped, it is necessary to assume the
deflection shape as a combination of sine-terms and cosine-terms. Hence, the
assumed displacement pattern for additional and initial deflection is:

W= W, + W, (64)
Wo = Wy + Wgg (65)

where s and ¢ denotes sine and cosine mode deflection, respectively. Both w, and
W, are as given in the previous sections.

Combining the sine-deflection and the cosine-deflection affects the strain compati-
bility. Due to coupling terms in the strain compatibility equation, a new stress func-
tion must be derived. The total stress function is now written as:

F=F+F+F +F° (66)
where:
Py? P Pyxy
0 ' x Tyr Txy

F 2bt  2at t 67)
2M 2N " n

Fs = Sfffmcos< a )cos( ;ry) (68)
2M 2N 2n

Fe = Zch cos( ) ( é’y ) (69)
Mg + MNg + 2N n

Fe = 2 E f cos( ) ( Zy> (70)

The coefficients f5,, and fS,, are as given before, while 3, are:
'SC E S C S C C S
fom = —22 Brea(APARG T APBRg + AsBR) (71)

o[+ o
a b
where 55 is defined as zero, and the coefficients brg,, are:
1 [ptr=m2g—-s=n
b, = 2rspg + 2r2g? + =p? if 72
= TP {i(p—r)=m,s+2q=n (72
e p+r=m2g+s=n

1
< o = 2rspg—2rgP—=sp? if 73
S = 2rPA-2rQP 5P | {i(p—r)=m,2q—s= 0 (73)
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1 _[ptr=ms—2g=n
b<,= —2r + 2r2P + =P if 74
pq SPq q° T 5SP {i (P=r) = ms—2q = n. (74)

5.2. Siffener deflection

The displacement shape chosen for the stiffener is:
79 mrx 77\ < mrx
v = hm§_:lvlmsn<a> + (1—005(%>>m§_:1V2msn<a). (75)

The first part represents rigid torsion of the stiffener, while the second involves
bending of the web (Fig. 8). Both involve torsion and bending of the flange. Other
displacement functions may be used for the stiffener, and increasingly better results
could be obtained if more terms were included. For stiffeners with very heavy
flanges, for instance, buckling may occur in the web without a high degree of distor-
tion of the flange. In such cases, it may be beneficial to use a deflection pattern
which alows for web deflections without flange distortion. However, eigenvalue
analysis including severa other deflection shapes have shown that the two mode
shapes suggested above are the most important for practical cases. In order to limit
the number of degrees of freedom in the model, only these two are included. Requir-
ing rotation continuity at the plate-stiffener connection, as discussed in the next sec-
tion, eliminates the variables V,,,,, and leaves the additional variables V.. The tota
number of degrees of freedom is therefore (MNg + MN. + My). For comparison,
a deformation plot from FEM-analysis for an angle bar stiffener subjected to axial
loading is shown in Fig. 9.

5.3. Transverse continuity

The requirement for rotational continuity at the plate-stiffener connection is:

ov
0z

_ow
oy

(76)

z=0

ly=0

Il

l

Fig. 9. Deformation plot for axial loading from ABAQUS for angle bar.
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The minus-sign is due to the definition of the right-handed coordinate system. For
the plate a positive deflection gives a positive rotation, while for the stiffener a
positive deflection gives a negative rotation. Substituting the deflection shapes for
the plate and the stiffener we find that:

Vi =~ T A, (77

The deflection modes V,,, has no rotation at the plate-stiffener connection, and
does therefore not enter the continuity equations. Thisis also the case for the cosine-
deflection modes AS,, of the plate.

5.4. Longitudinal continuity

When considering the plate and the stiffener as one member, longitudina conti-
nuity also has to be fulfilled. The transverse members, i.e. girders or bulkheads, are
assumed to enforce the same displacement in the longitudinal direction for the stiff-
ener as for the plate. If the displacement is constant over the height of the stiffened
plate, while the stiffness is not, it follows that the applied external stress must be
unevenly distributed between the two members. Since the stiffness of each member
is changing during buckling, the ratio of external load carried by each is initially
unknown, and the force distribution needs to be included in the energy formulations.

For the unstiffened plate, the external stress was assumed to be directly transferred
into the plate, and did not enter the equilibrium equations. Turning to the stiffened
plate, the membrane stress is divided into a part due to deflection, 62, and a part
due to the external force, o

o = o2 + oPf (78)
05 = 0% + 05 (79)
where p denotes plate, and s stiffener. Both the deflection part and the force part
are now unknowns. It is still assumed that the membrane stress due to the external
force is constant over each member, but in general unevenly distributed between
the two.
Expressions for the membrane strains due to externa force may be derived using
two requirements. The first is that the end shortening takes a constant value over

the cross-section, so that the plate displacement equals the stiffener displacement,
and the second is that the internal stress resultant equals the external force:

DuP = Duw® (80)
Ne + NS = —P,. (81)

The minus-sign is because the external force P, is defined as positive in compression,
in contrast to the internal forces. The end shortenings in the plate may be written

1
Dw = J (SQ‘ + gg’a—zmlf—wo,)(wx)dx (82)

a
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— agg,f + Dur2 (83)
Dy = p.f p,a 1W2

v= ||l + ) > g—Wo W, |dy (84)
b

= bep’ + DyP2 (85)

while the internal stress resultants are

Ng = f f (0% + oR?)dzdy (86)
bt

= bto?f (87)

N = J J (G{}f + of)?)dzdx (88)
at

= atop”. (89)

The integrated effect of the deflection membrane stress must be zero due to static
equilibrium, and does therefore fall out of the equations. In the transverse direction,
we get

P
epf = —(1—v2)ay5—vg§’f (90)
which gives:
P
NP = Ebt(gg’f—;tEy) (91)

A fundamental assumption introduced for the stiffener is that the longitudinal dis-
placement is constant over the height of the stiffener, so that

1
us = et + eia—évf = constant. (92)
This assumption is based on the fact that the length of the stiffener is usually much
larger than the height, and it has been verified by non-linear FEM-analysis for some
practical cases. Since 5" is also assumed to be constant, we can simply choose

uz = &' (93)
1
2 = Ev)z(. (94)

The end shortening becomes

Dus = Juxdx (95)
0
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= ag' (96)
and the stiffener stress resultant
1
N = f (03" + 039dVe (97)
VS
E
= AFEeS + ajsi'advs (98)
Vs

where V, and A, are tiffener volume and cross-sectional area, respectively. In the
last relation, the one-dimensional Hooke's law, o, = Eg,, is used. It is thus assumed
that no membrane stress develops in the stiffener in the vertical direction. Using the
continuity condition DuP = Due it is found that:

p.a
&5t = ept + D0 (99)
Now considering force equilibrium in the longitudinal direction, we write:
—P,=Ng + N? (1200)
Dupra E vP,
— p.f |2 pf_"" Y
A5E<8X + a ) + 2aJdeVSJr Ebt(gX atE)' (101)
Vs

Rearranging, an expression for the plate membrane strain due to the externa force
is found:

E
—P.a + vPp—DUPEA— J A

Vs

epf =

aE(bt + A) (102)
The strain €2 is here expressed by the load variables P, and P,, and by the displace-
ment variables A, ASn and V,, through DuP? and v,. The strain will therefore
come out as part of the solution to the whole problem.

5.5. Internal potential energy

The plate bending energy is due to the combined effect of the sine-deflection and
the cosine-deflection. It is expressed:

a, by,
D
Up = 5 J (Wi + Wayy + 2Weyosyy T Wase + W2y,

—al2—b/2
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+ 2We ooy T 2WeuouWosx T 2WeyWeyy T 2We 0y (103)
+ 2We x0Ws,yy) dydx

where a, and b, are upper limits of integration. From the resulting expressions, it
can be seen that integrating to 3a/2 and 3b/2 instead of a/2 and b/2 eliminates the
coupling terms between odd and even half wave numbers. The integration istherefore
taken over two plate breadths and lengths, and the resulting expressions divided by
four. This ensures that the continuity of the plating is accounted for. In FEM-analysis
this is done by prescribing symmetry or anti-symmetry conditions at the edges,
depending on the anticipated deflection mode. Using the current model and per-
forming the integration as explained, no assumptions have to be made beforehand
regarding the deflection mode. The deflection shape will automatically adjust itself
to the one which is most beneficial with respect to the plate geometry and loading.
The web bending energy is:.

% h
uy = D—ZW f J[(vxx + v,)2=2(1—V) (Vv + VZ)]dzdX. (104)

The bending stiffness coefficients are found by inserting the expression for V,,,, found
from the continuity condition, integrating over the area, and differentiating with
respect to the rate and displacement amplitudes.

The flange bending energy is:

ay ay
El GJ
up =3 f (Vo) + = f (Vicl-r) el (105)
—al2 —al2

where the first part is due to in-plane bending of the flange, and the second is due
to torsion of the flange. El; is the bending stiffness and GJ; the torsiona stiffness
of the flange. As for the web, the bending stiffness coefficients are found by inserting
the expression for V,,, and differentiating with respect to the rate and displace-
ment amplitudes.

The plate membrane energy is

up, = 2(1ij (22 + ()2 + 2v(e2N)(ef))aV,, (106)

)

’ 2(1:)4 ((’35’692 £ EY + N + 1_2v7§v>dvp

Vb

= Upf + Upa. (107)

The coupling between P2 and &P is zero, since eP' is constant and the integral of

TWST: THIN-WALLED STRUCTURES - ELSEVIER 18-07-02 09:36:22 Rev 16.03x TWST$$648P



W MR BW

738
730

741
742
743
744

745

746
747

748
749

750

751

752

753

94

755
756

757

758

759
760
761
762
763
764
765
766
767
768
769
770
77
772

773

ARTICLE IN PRESS

24 E. Byklum, J. Amdahl / Thin-Walled Sructures ee (2002) eee_oee

eP2 over the plate area is zero. The deflection part U%? of the membrane energy for
the plate may be written

Upe = UBs + Upe + Upe (108)

where UR® is the membrane energy due to sine-deflection, UR¢ is that due to cosine-
deflection, and UR= is due to coupling effects.

The external force part, UR, can be found by taking the constant membrane strain
outside the integration, and substituting the expression for &b, It is found that €b'
cancels out:

ab
Up! = z<1_t5)2[(egyf>2 + () + 2v(eR)(eRN)] (109)
= %ath(ggyf)Z. (110)

The stiffener membrane energy is

E
Un=1 f (€3 + £39)2dV, (111)
VS
EV, E
= e + 5 f (€392dV, + Ee5' J 5%V, (112)
VS VS

By substitution of all parameters and integrating, U3, is found as a function of the
unknown load parameter and displacement amplitudes. Since the energy expressions
are of the fourth order the derivations are tedious, but relatively straightforward.

5.6. External potential energy

Using the displacements calculated for the plate and stiffener in combination, the
external energy due to in-plane compression can be calculated directly. The external
energy due to shear force and lateral pressure needs some special consideration. The
sine-terms in the deflection shape are anti-symmetric about x = 0 and y = 0. This
means that integrating the external shear energy directly gives zero contribution,
since only sine-terms are included in the longitudinal direction. The chosen deflection
shape is therefore not able to describe the continuous deflection of two neighboring
plates under the action of shear loading correctly. An approximate solution may be
obtained by neglecting the interaction between the plates, and looking at each plate
individually. This means that the plate energy is integrated between (0—a), and then
multiplied with a factor 2. This is a conservative approach, since the restraining
effect of the two plates on each other is neglected. However, FEM-analyses have
shown that the restraining effect under pure shear loading is quite small. In the
transverse direction, only the plate area between the stiffeners is included. Hence,
the shear energy is calculated as:
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ab
T, = —2nyff(wsﬁstyy + WoouWsy + WeWsoy T We,Wey + WeoWey
(ON0]
+ We,Weoy T We,Wey + Weg,Wey + W, Wegy + We,Wsy T WegWsy (113)
+ W W) dydX.

A similar consideration has to be made regarding calculation of external energy
due to lateral pressure. When integrating the sine-terms in the longitudinal direction,
the (—a/2-0) part will always cancel the (0—a/2) part. As for the shear-force, the
integration is therefore taken between (0—a), and multiplied by two. Physically, this
means that the plate continuity at the transverse member is not fulfilled, which makes
the model less tiff than the real structure. However, the lateral pressure is believed
to have the largest influence on the deflection shape in the transverse direction. The
cosine-terms included are capable of describing the transverse deflection shape due
to the pressure, and the integration can therefore be taken directly between (—
b/2—3b/2). The potential of external energy due to lateral pressure is therefore
taken as:

3b/2

To= -2 J J pwdydx. (114)
(0]

—b/2

5.7. Verification

Computations have been performed on a variety of stiffener geometries for verifi-
cation of the proposed model. Results are presented for a flat bar, an angle bar and
atee bar stiffener, with dimensions given in Table 1. Results for axial and transverse
compression are shown for each stiffener in Figs. 10-12. The initia deflection for
each stiffener is taken as the eigenmode, with an amplitude of 1.0 mm. The real
imperfections present in actual stiffened plates are usually larger and more complex,
but such considerations are not an issue in the current work. The results are compared
with FEM-calculations, and the accuracy is good. Increasingly better results are
obtained with more terms included in the deflection function and smaller increments.
For the geometries and load conditions presented, deflection in the cosine-mode is
small, and good results are obtained with sine-terms included only.

Table 1
Stiffener dimensions

Stiffener a b t h ty by t O;
Flat bar  4.75 091 0.018 0.325 0.020 355
Angle bar 2.73 0.85 0.0165 0.350 0.012 0.100 0.017 355

Teebar 4335 0.814 0.020 0.475 0.012 0.200 0.025 325
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Fig. 10. Flat bar under axia loading using 5x 1 terms(left) and transverse loading using 7 x 3
terms(right).
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Fig. 11. Angle bar under axial loading using 3 x 1 terms(left) and transverse loading using 5 x 3
terms(right).

6. Estimation of design ultimate limit state load

A first yield approach is used for estimation of the collapse load using the loca
buckling model presented. First yield has often been applied to assess the critical
load in design formulations, such as in the DNV Classification Note. Using a column
model together with a first yield criterion has commonly been referred to as the
Perry-Robertson approach. Local buckling effects are implicitly accounted for by
specifying an effective plate breadth which is less than the full breadth.

First yield is a sound design criterion, because yielding will give unwanted perma-
nent deformations in the structure. Also, the reserve capacity after the onset of yield-
ing is usually moderate, and is questionable to utilize in design. It is found that for
predominantly axial loading, collapse is mainly governed by the membrane stress in
the flange. For predominantly transverse loading, however, collapse is often triggered
by large bending stresses developing along the longitudinal edges. Collapse may even
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Fig. 12. Tee bar under axia loading using 5x 1 terms(left) and transverse loading using 7 x 3
terms(right).

occur before the equivalent membrane stress reaches yield. Consequently, different
collapse criteria must be used for different load conditions, and the effect of bending
stresses must be accounted for. This can be done by using a membrane-bending
capacity interaction curve.

One way to account for some of the reserve capacity after the onset of yielding,
is the approach used for instance in [5] for ungtiffened plates. The plate is then
divided into a mesh, considered to consist of severa fibers. When yielding starts in
the outer fibers, they loose their strength, and the total stiffness is reduced accord-
ingly. Yielding will then spread to more and more fibers, until the panel collapses.
In this way, the panel may be able to sustain some additional loading after the first
yield. This approach is beneficial especially for analysis of auminum panels. The
effect of reduced yield stress in the heat affected zones may then be included in the
calculations very efficiently. Although yielding may occur quite early in the HAZ-
zones, the rest of the structure may be able to sustain further loading.

Interaction curves for biaxial loading obtained using the first yield criterion is
presented for the angle bar stiffener, and compared with collapse loads obtained
from fully nonlinear FEM-analyses, Fig. 13. In the FEM-analysis, linear elastic-linear
plastic material is specified, with a strain hardening parameter E; = 1000 MPa. The
results are presented as examples of application of the proposed model, but it is
emphasized that more work is needed in order to establish reliable collapse criteria
for all relevant load conditions. In the left plot, a criterion using first yield in the
outer fibers is applied. In the right plot, bending stress is accounted for using a
membrane-bending interaction curve. Also, the flange is removed at first yield, and
the remaining structure loaded further up until yielding occursin the plate. It is seen
that this gives some additional capacity, and reduces the gap between the model
predictions and the FEM-resuilts.

For most ship panels the global buckling load is much higher than the local buck-
ling load, and often the global buckling load is well above the squash load. Panels
with global buckling load close to the local buckling load may experience very
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Fig. 13. Interaction curves for angle bar using first yield criterion(left) and modified first yield
criterion(right).

unstable response in the postbuckling region, and it is therefore good design practice
to ensure that the global buckling load is well above the local buckling load. Due
to geometrical imperfections, however, global deflections start to grow immediately
when load is applied. The global deflection will therefore produce stresses that must
be accounted for when controlling first yield in the panel. A ssimplified method for
including moderate global buckling effects is to add the global stresses directly to
the local one, and check the total stress against yield in each step. Using a column
model for assessing the global deflection of the stiffened plate with imperfection,
the global stress may easily be calculated for each step in the local model. Assuming
linear response for the global deflection, the deflection amplitude 6, at the load P
for a structure with initial deflection amplitude 6, and Euler buckling load P is:

P
= p__pomo (115)

Using this simple formulae, the globa deflection and thereby the global stresses
corresponding to each load level P inthelocal analysis, may be calculated and added
to the local stresses.

Om

7. Concluding remarks

A computational model for analysis of local buckling and postbuckling of stiffened
panels has been derived. The motivation was to develop atool that is more accurate
than existing design codes, and more efficient than nonlinear finite element methods.
The model is formulated using large deflection plate theory and energy principles.
Any combination of biaxial in-plane compression or tension, shear, and lateral press-
ure may be analysed. The procedure is semi-analytical in the sense that all energy
formulations are derived analytically, while a numerical method is used for solving
the resulting set of equations, and for incrementation of the solution. L oad—deflection
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curves produced by the proposed model are compared with results from nonlinear
FEM. Good correspondenceis achieved, and the efficiency of the calculationsis high.

The ultimate strength of panels may be estimated by checking the stressin certain
critical points at each increment. Using the von Mises yield criterion, the onset of
yielding can be taken as the collapse load for design purposes. This is conservative,
and a sound design approach. Examples of capacity interaction curves are presented
for biaxial loading for a stiffened plate. Further work is needed in order to establish
reliable collapse criteria for all relevant load conditions. For some cases, it is ben-
eficial to account for some of the reserve capacity after first yield by simplified
assumptions. This is especialy true for auminum panels including HAZ-zones, and
this topic will be considered in more detail in future work. The present local model
is suitable for buckling analysis of a wide range of stiffened panels, as the global
buckling load of stiffened panels is usualy very high. If necessary, global stresses
resulting from global deflection may be calculated easily using linear theory, and
added to the local stresses for each load level.
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